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This paper reports a two-dimensional hybrid simulation study
which utilizes an expanding box model to represent the slow com-
pression of the plasma as it flows through the magnetosheath.In
the code we model the compression as an external force: The phys-
ical sizes of the simulation box decrease with time. We present
results of a simulation which starts in a parameter region oflow
beta where the plasma is stable with respect to both the Alfv´en ion
cyclotron (AIC) and mirror instabilities. In this stable region the
plasma behaves double-adiabatically and an important proton tem-
perature anisotropy appears. When the plasma becomes unstable to
AIC instability, the adiabatic behavior is broken and the AIC waves
keep the system close to marginal stability, the theoretical growth
rate being about constant, small and positive. The AIC wavesare
continuously generated and the proton parallel beta increases with
time. This marginal stability behavior is slightly disrupted for high
proton parallel beta, where the mirror mode becomes unstable. The
mirror waves rapidly grow and coexist with AIC wave, in later
times the growth of AIC waves is inhibited and mirror waves be-
come dominant. During the stages dominated by AIC and mirror
waves, anticorrelation between anisotropy and proton parallel beta
is observed. The hybrid expanding box simulation directly verifies
the marginal stability evolution of the magnetosheath plasma.

1. Introduction

The magnetosheath plasma flow around the magnetospheric
cavity exhibits large-scale inhomogeneities [Phan et al., 1994;
Hill et al., 1995]. Their typical scale is usually much larger
than the kinetic ion (and electron) scales. Therefore the magne-
tosheath plasma may be considered locally as homogeneous with
flow-induced processes, for example a field-line stretchingor a
plasma compression. The double-adiabatic theory [Chew et al.,
1956] predicts that these processes lead to strong ion temperature
anisotropiesT⊥ > T‖, whereT⊥ andT‖ are the ion temperature
perpendicular and parallel (with respect to the ambient magnetic
field), respectively. The strong ion anisotropiesT⊥ > T‖ are not
actually observed. The magnetosheath ion properties are domi-
nated by a low-frequency turbulence transported from the shock or
generated locally. The magnetosheath turbulence behind the quasi-
perpendicular portion of the Earth’s bow shock is relatively well
understood: The turbulence is supposed to be generated mainly
locally and may be regarded as a weak turbulence with different
wave modes [Lacombe and Belmont, 1995;Schwartz et al., 1996]:
in low-beta plasmas transverse Alfvén ion cyclotron wavesare ob-
served whereas compressional mirror waves are observed in high-
beta plasmas. All these waves are generated by the ion temperature
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anisotropies, and are usually observed near the marginal stability
of the corresponding instability [Anderson and Fuselier, 1993]. As
a consequence, the magnetosheath protons are characterized by an
anticorrelation [Fuselier et al., 1994;Gary et al., 1994b] between
the temperature anisotropyT⊥p/T‖p and the parallel betaβp‖

T⊥p

T‖p

− 1 ∼
a

βb
p‖

(1)

wherea ∼ 1 andb ∼ 0.5. This anticorrelation is consistent with
the marginal stability relation, the linear thresholdγ ∼ 0, of these
instabilities. The simulation studies [Gary et al., 1994a;McKean
et al., 1994, and references therein] show that the (quasi-linear) sat-
uration level of these instabilities follows a relation quantitatively
similar to Equation (1).

These works suggest that the magnetosheath plasma follows a
marginal stability path [Manheimer and Boris, 1977] in the (βp‖,
Ap = Tp⊥/Tp‖−1) parameter space going from the highβp‖ ∼ 2,
low anisotropyAp ∼ 0.4 to oppositeβp‖ ∼ 0.2, Ap ∼ 2 region
[c.f. Denton et al., 1994;Farrugia et al., 2001].

In this paper we present results from a novel technique, hybrid
expanding box (HEB) model, applied here in the magnetosheath
context. Using this modified hybrid code we study the effect of a
slow compression on the magnetosheath plasma. The simulation
results directly verify the hypothesis of the marginal stability path
of the magnetosheath plasma. This paper is organized as follows:
Section 2 describes the HEB code, in section 3 we present the sim-
ulation results and in section 4 we discuss the results.

2. Hybrid expanding box model

In this paper we use a modified version of a 2-D hybrid code
[Matthews, 1994], a Hybrid Expanding Box (HEB) code. The HEB
code is an implementation of the expanding box model used in
magnetohydrodynamic context byGrappin et al. [1993] to study
the effects of plasma expansion on the wave evolution. The HEB
code models the expansion as a linearly driven evolution where the
physical lengthsxr varies with time [Liewer et al., 2001;Hellinger
et al., 2003]. In order to study the impact of a slow compression
on the magnetosheath plasma we use the same scheme, but we set
xr = Lx whereL is a diagonal matrix with

L11 = 1, L22,33 = 1 − t/tc (2)

andtc is a characteristic time of the compression. Note the differ-
ent sign in Equation (2) from that used for the expansion [Hellinger
et al., 2003]. The HEB code is a sophisticated version of driven hy-
brid simulations [Gary et al., 1994b, and references therein].

The code solves the evolution of the system in the coordinates
x andv co-moving with the expansion. The physical velocitiesvr

arevr = Lv. The equation of the movement for an ion with charge
q and massm reads:

dx

dt
= v,

dv

dt
=

q

m
(L−1

E + L−2
v × B̃) − 2L̇L−1

v.
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Figure 1. Evolution during the plasma compression in the space
(βp‖, Ap = Tp⊥/Tp‖ − 1). The double-adiabatic prediction
(Equation 3) is overplotted using dash-dotted curve. The gray-
scale plot denotes linear predictions of the maximum growth
rateγAIC = γAIC (βp‖, Ap) of the AIC instability: Darker gray
denotes stronger instability whereas white corresponds tostable
or marginally stable region.

The effective magnetic field̃B in these coordinates evolves with
the physical electric fieldE as∂B̃/∂t = −rot(LE) and is related
to the physical magnetic field byB = LB̃/detL. The electric
fieldE is given asE = (rotB×B/µ0−J i×B−gradpe)/(en),
whereµ0 is the magnetic permeability of vacuum,n is the physical
electron (and proton) number density,n =

R

fd3
v/detL, J i is

the proton current,J i = e
R

Lvfd3
v/detL, andpe is the elec-

tron pressurepe = nkBTe (kB is Boltzman constant andTe is the
electron temperature; electrons are assumed to be isothermal).

Units of space and time arec/ωpi0 andΩi0, respectively, where
c is the speed of light,ωpi0 =

p

n0e2/mpǫ0 is the initial proton
plasma frequency, andΩi0 = eB0/mp is the initial proton gyrofre-
quency (B0 is the initial magnitude ofB, n0 is the initial density,
e andmp are the proton electric charge and mass, respectively; fi-
nally, ǫ0 is the dielectric permitivity of vacuum). The code use a
spatial resolutiondx = 0.25 and dy = 1.0, and there are128
particles per cell. Fields and moments are defined on a 2-D grid
with dimensions512× 256. The time step for the particle advance
is dt = 0.02Ω−1

i0 , while the magnetic fieldB is advanced with a
smaller time stepdtB = dt/10.

The initial magnetic field isB0 = (B0, 0, 0). During the
simulation the plasma is being compressed in they and z direc-
tions (see Equation 2). The continuous compression leads toan
increase of the density and the magnitude of the magnetic field
n, B ∝ 1/(1 − t/tc)

2. In a case of slow compression one ex-
pects that the first and second adiabatic invariants are conserved
[cf. Chew et al., 1956], so that the proton temperature anisotropy
and parallel beta evolves as

Tp⊥

Tp‖

∝
B3

n2
∝

1

(1 − t/tc)2
, βp‖ ∝

n3

B4
∝ (1 − t/tc)

2. (3)

The proton temperature anisotropy increases with time. TheHEB
code will show us a self-consistent reaction of the plasma tothe
compression when the anisotropy exceeds the threshold of the AIC
and mirror instalities.

3. Simulation results

We show here the results of a simulation starting in the stable
regime with respect to both the mirror and Alfvén ion cyclotron in-
stabilities. We setβp‖ = 0.1, and proton temperature anisotropy
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Figure 2. (left) The total fluctuating wave energy|δB|2/B2

0 ,
the fluctuating wave energy in waves withθkB < 40o (dashed
curve), and the fluctuating wave energy in waves withθkB >
40o (dash-dotted curve) as a function ofβp‖. (right) Correlation
betweenB‖ andn as a function ofβp‖.
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Figure 3. Spatial wave spectrum|δB|2 as a function ofk‖ and
k⊥ for differentβp‖: (a) 0.25, (b) 1, (c) 5, and (d) 20.

Tp⊥/Tp‖ = 1.5 at t = 0. The plasma is homogeneous at time
t = 0, except for the statistical noise due to the limited number of
particles per cell.

During the simulation, the plasma is slowly compressed with
the characteristic time scaletc = 2000Ω−1

i0 . The evolution of the
plasma properties during the compression is shown in Figure1.
Figure 1 displays the evolution in the (βp‖, Ap = Tp⊥/Tp‖ − 1)
space. The double-adiabatic prediction is overplotted using dash-
dotted curve. In order to compare simulation results with the lin-
ear theory we have calculated the growth rateγ of the AIC insta-
bility in a homogeneous plasma which consists of isotropic elec-
trons withβe = 0.1 and of anisotropic protons for many differ-
ent parametersβp‖ andAp. For all βp‖ andAp we have calcu-
lated maximum (overk vectors) growth rateγAIC . The result,
γAIC = γAIC (βp‖, Ap), is shown in Figure 1 as a gray-scale plot:
Darker gray denotes stronger instability whereas white corresponds
to stable or marginally stable region.

The evolution may be split into three phases. During the first
phase, the plasma is stable with respect to the AIC/mirror insta-
bilities, and evolves double-adiabatically in agreement with Equa-
tion 3. The double-adiabatic evolution (Equation 3) translates into
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an upward motion in the (βp‖, Ap) space of Figure 1. This evolu-
tion leads to the development of an important proton temperature
anisotropy, which crosses the threshold for the AIC instability (Fig-
ure 1, gray scale plot). Then starts the second phase of the evolution
where the generated waves heat the plasma and keep the system
near the marginal stability. The system follows the condition

γAIC ∼ 0.08Ωi. (4)

During the second phase, the system follows the path described by
Gary et al. [1994a].

The third phase is characterized by a departure from the re-
lation γAIC ∼ const. The transition takes place in the region
βp‖ ∼ 0.5 ÷ 1. During the second and third phases, the fluctu-
ating wave energy|δB|2/B2

0 increases withβp‖. Figure 2 (left
panel) shows the total fluctuating wave energy (solid curve), the
fluctuating wave energy in waves withθkB < 40o (dashed curve),
and the fluctuating wave energy in waves withθkB > 40o (dash-
dotted curve) as a function ofβp‖. There is an important increase
of |δB|2/B2

0 in the transition regionβp‖ ∼ 0.5÷1. This transition
is connected with the development of mirror instability (the oblique
waves, see left panel of Figure 2, dash-dotted curve).

Let us now check that the oblique waves have properties of the
mirror waves: A correlation< B‖, n > between the parallel com-
ponent of magnetic fieldB‖ and the densityn is negative for mirror
waves whereas for AIC waves this quantity is positive [cf.Lacombe
and Belmont, 1995]. Figure 2 (right panel) displays the dependence
of the correlation< B‖, n > on βp‖ during the second and third
phases. Figure 2 (right panel) shows that< B‖, n > is positive
during the second phase and becomes negative in the third phase.
This anticorrelation is a clear signature of the mirror waves.

During the second phase, the wave spectrum is dominated by the
AIC waves, whereas during the third phase the mirror becomesthe
dominant mode. The transition between the two phases is smooth
and for a wide range ofβp‖ the two modes coexist. Figure 3 shows
the spatial spectrum|δB|2 = |δB(kx, ky)|2 for differentβp‖. The
k vectors are given in units ofωpi/c (whereωpi is the local plasma
frequencyωpi = (n0e

2/mpǫ0)
1/2). Note, that the second and

third phases are characterized by an anticorrelation between Ap

andβp‖. During these two phases we have

Ap ∼ 1.1β−0.5
p‖ . (5)

4. Discussion and Conclusion

We have presented the first results of the hybrid expanding box
model in the magnetosheath context. Using the 2-D HEB simula-
tions, we have investigated the effect of a slow compressionon the
plasma and low-frequency turbulence. The compressed plasma ini-
tially evolves double-adiabatically as long as the plasma is stable
with respect to the Alfvén ion cyclotron instability.

Later on, the AIC waves appear with relatively low amplitudes.
The low amplitude AIC waves are able to keep the plasma-waves
system close to the marginal stability criterion of the AIC instability
in agreement with the quasilinear theory [Gary et al., 1993b]. The
trajectory in the(βp‖, Ap) space forβp‖ . 3 may be expressed
asγAIC ∼ 0.08Ωi , whereγAIC is the maximum linear growth rate
of the AIC instability in a homogeneous (bi-Maxwellian) plasma
consisting of isotropic electrons and anisotropic protons. Why is
the value ofγAIC positive? This is probably due to the fact that
the system is continuously compressed and the AIC waves are con-
tinuously generated in order to keep the system close to marginal
stability. Indeed, the wave energy increases with time (andβp‖).
This result is in agreement within situ observations [Gary et al.,
1993a;Anderson et al., 1994] which suggest that the wave energy
|δB|2/B2

0 in the magnetosheath increases withβp‖ and that the

plasma often followsγAIC ∼ const. > 0. Observations sug-
gest different values ofγAIC . The comparison of observations with
the present results is difficult since the magnetosheath plasma usu-
ally contains a small abundance of alpha particles which alter the
plasma properties. Moreover, the proton distribution function dur-
ing the evolution deviates from the bi-Maxwellian one; the resonant
interaction of protons with AIC waves produces suprathermal par-
ticles.

For βp‖ & 3 the plasma path deviates from the marginal stabil-
ity relationγAIC ∼ const of AIC waves. This phenomenon is not
surprising since the marginal stability behavior of the AICmode is
disrupted by appearance of mirror waves. As one expects fromthe
linear theory, the mirror instability sets on for the high-beta plasma
and during this phase the AIC and mirror waves coexist. For high-
beta plasmasβp‖ & 10 the energy in the mirror waves exceeds the
energy in the AIC waves; the growth of AIC waves is inhibited in
the later stages is inhibited.

Let us now discuss the relevance of the simulation results inthe
magnetosheath context. The simulation results are in good agree-
ment with predictions of the linear theory, standard and driven hy-
brid simulations and some observations. In the case presented, the
simulation results directly verify the proposed marginal stability
path. However, the simulated system goes from low-beta to high-
beta plasma whereasin situ observations often exhibit opposite be-
havior [Farrugia et al., 2001], especially in the near-subsolar mag-
netosheath and the plasma depletion layer [Phan et al., 1994]. This
region is characterized by an increase of magnetic field strength
and a decrease of plasma density. This behavior is inaccessible
to our present model which includes only compression where the
magnetic field strength and the plasma density increase simulta-
neously. To account for the density decrease one should include
to the model other important effects. For example, the field-line
stretching leads typically to a decrease of proton beta [Denton et al.,
1994]. Our simulation model is based on a separation of temporal
and spatial scales. This assumption may be violated in the mag-
netosheath. First, it is possible that the magnetosheath processes
are faster than the typical heating scales by the AIC and mirror in-
stabilities [Gary et al., 2000]: In our simulation we investigated
relatively slow compressiontc = 2000/Ω0i and the characteristic
heating time estimated fromGary et al. [2000] is about ten times
smaller (forγ ∼ 0.1). Second, the heated protons with high par-
allel velocities are able to escape along magnetic field lines. If the
typical inhomogeneity scales are small, these escaping protons may
not be replaced by similar protons from adjacent regions andthere-
fore the proton parallel beta may decrease.

Despite the limitations of our model, its first results strongly
support a bounded anisotropy model [Gary et al., 1994a;Denton
et al., 1994;Gary et al., 1996] and suggest that in the region domi-
nated by a slow compression the system follow the marginal stabil-
ity path from low-beta to high-beta plasma. In the future we plan
to study the effect of a speed of compression: for example, there
is a natural question whether the coefficientγAIC ∼ const (Equa-
tion 4) depend on the chosen value fortc. Moreover, we want to
extend our model by including the field-line stretching to eluci-
date the question when the plasma goes from low-beta to high-beta
region and when the opposite path takes place. We also plan to
consider the role of alpha particles since their presence changes the
dispersive properties and growth rates of the low-frequency waves.
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