
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 110, NO. A4, A04210, DOI:10.1029/2004JA010687, 2005

Magnetosheath compression: Role of characteristic compression
time, alpha particle abundance and alpha/proton relative
velocity
Petr Hellinger and Pavel Trávńıček
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Abstract.
Hybrid expanding box (HEB) is used to study a slow compression of the magnetosheath

plasma. The HEB simulations confirm the previous results of Hellinger et al. [2003b]: the slowly
compressed plasma follows a marginal stability path of the proton cyclotron instability in a
low-beta plasma whereas in a high-beta plasma the mirror instability becomes dominant. For
a faster compression the marginal stability path shifts further inside the unstable region in or-
der to balance the faster anisotropization rate due to the faster compression. The presence of
alpha particles strongly changes the dispersive properties of the plasma and introduces the al-
pha cyclotron instability. The theoretical description of the system becomes intricate since the
alpha particles introduce additional parameters. The plasma evolution during the compression
gets more complex; a transition between the proton and the alpha cyclotron instabilities ap-
pears. The overall behavior of the simulated system is not qualitatively different from the be-
havior of the pure electron-proton plasma. When an additional parameter, a nonzero alpha/proton
relative velocity is included the theoretical understanding becomes even more complicated. The
behavior of the compressed system is nevertheless similar to the results in the pure electron-
proton plasma. An important qualitative change from the zero alpha/proton relative velocity
case is that the proton cyclotron instability is able to efficiently accelerate alpha particles with
respect to protons whereas the alpha cyclotron and the mirror instabilities decelerate them.

1. Introduction

Properties of collisionless plasmas are largely determined by
wave-particle interactions. A well-known example of such wave-
particle interaction is the Earth’s magnetosheath: The magne-
tosheath plasma flow around the magnetospheric cavity exhibits
large-scale inhomogeneities [Phan et al., 1994; Hill et al., 1995].
These large-scale processes locally translate for example as com-
pression, expansion or velocity shear and induce a particle temper-
ature anisotropy, a difference between the perpendicular tempera-
ture T⊥ and the parallel temperature T‖ (perpendicular and paral-
lel denotes directions with respect to the ambient magnetic field).
T⊥ > T‖ is typically observed in the day-side magnetosheath [An-
derson and Fuselier, 1993] whereas T⊥ < T‖ is often observed
in the night-side magnetosheath [Matsuoka et al., 2002]. The day-
side magnetosheath behind the quasi-perpendicular portion of the
Earth’s bow shock is dominated by locally generated waves [La-
combe and Belmont, 1995; Schwartz et al., 1996; Hubert et al.,
1998]: Transverse Alfvén ion cyclotron waves are observed in low-
beta regions whereas compressional mirror waves are observed in
high-beta regions. These waves are generated by ion temperature
anisotropies T⊥ > T‖, and are usually observed near the marginal
stability of the corresponding instability [Anderson and Fuselier,
1993]. As a consequence, the magnetosheath protons are character-
ized by an anticorrelation [Fuselier et al., 1994; Gary et al., 1994c]
between the proton temperature anisotropy Ap = Tp⊥/Tp‖ and the
proton parallel beta βp‖

Ap − 1 ∼ a

βb
p‖

where a ∼ 1 and b ∼ 0.5. This anticorrelation is consistent
with the marginal stability relation of these instabilities: their
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linear growth rate is close to the threshold γ ∼ 0. A similar
anticorrelation between the alpha particle temperature anisotropy
Aα = Tα⊥/Tα‖ and the alpha particle parallel beta βα‖ is also
sometimes observed. These observations suggest that the magne-
tosheath plasma follows a marginal stability path [Manheimer and
Boris, 1977] in the space (βp‖, Ap). Results of kinetic simulation
studies [e.g. McKean et al., 1994] support the hypothesis of the
marginal stability path based on the observations. This path could
be approximatively traced by a set of standard simulations varying
the initial plasma parameters. The observations and kinetic numer-
ical simulations led to the development of a bounded anisotropy
model [Gary et al., 1994a; Denton et al., 1994] as a suitable clo-
sure of the magnetohydrodynamic models [e.g. Erkaev et al., 2000;
Pudovkin et al., 2002b].

Recently, Hellinger et al. [2003b] used a hybrid expanding box
(HEB) model [Liewer et al., 2001; Hellinger et al., 2003a] to study
an influence of a slow compression (i.e. when the characteristic
compression time is much greater than the ion gyroperiod) on the
plasma properties. The HEB simulation showed in a direct and
comprehensive way that the plasma follows the marginal stability
path. This path in the case of the slow compression goes from the
low-beta to the high-beta plasma and is characterized by a growth
of fluctuating wave energy. The results of Hellinger et al. [2003b]
are not generally applicable in the context of the magnetosheath
(and especially in the context of the depletion layer, the subsolar
region between the magnetosheath and the magnetopause). The
magnetosheath flow induces a combination of compression and ex-
pansion (field-line stretching) and for example the depletion layer
[cf. e.g. Farrugia et al., 2001], is characterized by an anticor-
relation between the magnitude of the magnetic field (which in-
creases when approaching magnetopause) and the plasma density
(which decreases at the same time). These properties indicate a
presence of the field-line stretching and the compression in a direc-
tion highly oblique with respect to the ambient magnetic field (see
Equations (3) and (4)). In this region βp‖ decreases when approach-
ing the magnetopause and Ap increases. The fluctuating wave am-
plitude (in low-beta regions there are mainly ion cyclotron waves)
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is correlated with βp‖ [Gary et al., 1993a; Anderson et al., 1994]
and therefore decreases as well. However, the presence of the de-
pletion layer near the magnetopause is not a general feature. In situ
observations of [Lucek et al., 1999] show that the flank regions near
the magnetopause are sometimes characterized by a strong mirror
turbulence. The strong mirror turbulence near the magnetopause is
not compatible with the usual low-beta condition of the depletion
region and may be a consequence of the plasma compression as a
dominant process.

In this paper we extend the work of Hellinger et al. [2003b] on
the plasma compression using the HEB code. We start with a short
descriptions of the code in section 2. In section 3 we give theo-
retical predictions for the behavior of the simulated system, CGL
and linear kinetic theory. We present the simulation results in the
section 4 and compare them with theoretical predictions: The first
physical problem we study is an influence of the characteristic com-
pression time on the plasma evolution in section 4.1. We perform
three simulations with different characteristic compression times
and investigate how the marginal stability path depends on the char-
acteristic time.

The second problem we study is the role of alpha particles and
we present the results in the section 4.2. Alpha particles have typ-
ically abundances around few percents of electron number density
[Bame et al., 1975]. Their presence changes the dispersion proper-
ties: The dispersion involves two distinct cyclotron branches and
two corresponding instabilities: the proton and alpha cyclotron
instabilities. Both instabilities may be dominant depending on
plasma parameters. The alpha cyclotron instability dominates over
the proton one, for example, in a high beta plasma and/or for a high
abundance of alpha particles [Gary et al., 1994b]. We study the
relationship between the two instabilities and the mirror one.

Properties of the magnetosheath plasma containing electrons,
protons and alpha particles are usually studied under assumption
that there is no relative velocity between protons and alpha parti-
cles. On the other hand, in situ observations in the fast solar wind
[Marsch et al., 1982; Neugebauer et al., 1996; Reisenfeld et al.,
2001] show that alpha particles are typically faster than protons
and that the alpha/proton velocity vαp (henceforth we will use “al-
pha/proton velocity” as a short-hand for “relative magnetic-field-
aligned velocity between the two species”) is comparable with the
local Alfvén velocity. The non zero alpha/proton velocity typically
observed in the fast solar wind, may also persist and be further
enhanced during the crossing of a shock: Peterson et al. [1979]
proposed a model which predicts that the alpha particles are de-
celerated less than protons by the cross-shock potential [cf. Zhao
et al., 1991; Gratton and Farrugia, 1996]. In situ observations by
Ogilvie et al. [1982] and Fuselier et al. [1988] support this behavior
of alpha particles during the shock crossing.

The evolution of the alpha/proton velocity in the magnetosheath
and in the depletion layer is not well known. The properties of the
plasma with the alpha/proton velocity has been studied in the con-
text of the solar wind [e.g. Gomberoff et al., 1996; Li and Habbal,
2000; Gary et al., 2003, and references therein]: the alpha/proton
velocity changes dispersion relations and resonance conditions of
different branches and introduces different properties of the wave
propagating along and against the alpha/proton velocity. However,
an understanding of the system with the alpha/proton velocity is
by no means complete owing to many plasma parameters involved.
Gary et al. [2003] studied a relation between the alpha/proton ve-
locity and the proton and alpha cyclotron instabilities. Both in-
stabilities remove the ion temperature anisotropies and moreover
change the alpha/proton velocity. In agreement with the quasi-
linear expectations, the alpha cyclotron instability decelerates the
alpha particles [Gary et al., 2003, Figures 1 and 3] whereas the pro-
ton cyclotron instability accelerated them, at least during the initial
linear/quasi-linear phase [Gary et al., 2003, Figure 5]; the alpha
particles were decelerated later on in these simulations. The decel-
eration was stronger in higher beta plasmas. The physical mecha-
nism of the deceleration was, however, not elucidated by Gary et al.
[2003].

The results of Gary et al. [2003] indicate that the alpha parti-
cles may be accelerated or decelarated in the magnetosheath. It

is an open question whether the non zero alpha/proton velocity
may persist further in the magnetosheath and in the depletion layer.
The theoretical investigations by Gratton and Farrugia [1996] and
Gnavi et al. [2000] suggest that there exists an alpha/proton veloc-
ity in the depletion layer. Gratton and Farrugia [1996] and Gnavi
et al. [2000] studied the linear properties of ion cyclotron waves
and showed that some of their spectral properties observed in the
depletion layer may be explained by a presence of a non negligible
alpha/proton velocity.

These theoretical, observation and simulation results led us to
investigate in section 4.3 an influence of the alpha/proton velocity
on plasma properties and instabilities during the compression in the
magnetosheath (and solar wind) context. The simulation results of
different problems are summarized and discussed in the section 5.
We conclude the paper by section 6 followed by Appendix describ-
ing our simulation model in detail.

2. Hybrid expanding box model

In this paper we use a modified version of a two-dimensional
(2-D) hybrid code [Matthews, 1994; Hellinger et al., 2003a], the
HEB code. The HEB code was developed in the context of the ex-
panding solar wind and Hellinger et al. [2003b] applied this model
in the magnetosheath context. The physical motivation behind the
HEB code is the assumption that the typical scales of macroscopic
processes as expansion and compression are usually much larger
than the kinetic ion (and electron) scales. In this approximation the
plasma may be considered locally as a homogeneous medium with
flow-induced processes; the flow velocity U = U(x) is character-
ized by the stress tensor T

Tij =
∂Ui

∂xj
. (1)

Assume that the asymmetric part of the stress tensor T is negligible
(i.e. neglecting the velocity shear) and that the tensor T has three
eigenvalues λ1,2,3 and three corresponding orthogonal eigenvec-
tors w1,2,3. The positive eigenvalues λi correspond to the expan-
sion whereas the negative eigenvalues λi correspond to the com-
pression. If we assume that gradients are small so that the stress
tensor T is about constant along the stream lines a small volume of
plasma in the direction of the eigenvector wi changes as

Li(t) = 1 + λit (2)

along the eigenvectors wi. Then the plasma density evolves as

n(t) =
n(0)

L1(t)L2(t)L3(t)
(3)

whereas the magnetic field evolves as

B(t) =

P
i

Li(t)(B(0) ·wi)wi

L1(t)L2(t)L3(t)
. (4)

Parallel and perpendicular temperatures according the CGL predic-
tion evolve differently

T⊥ ∝ 1

|B| , T‖ ∝
n2

|B|2 . (5)

which leads to the appearance of the ion temperature anisotropy
and the corresponding instabilities. The plasma properties depend
on the flow geometry, the expansion along the ambient magnetic
field B (the field-line stretching) and the compression in a direc-
tion perpendicular to B lead to T⊥ > T‖ whereas an expansion
perpendicular to B and compression along B lead to T⊥ < T‖.
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In the present paper we model the compression as being perpen-
dicular to theambientt magnetic field B = (B0, 0, 0). The direc-
tion is chosen to be in y direction (i.e. is included in the 2-D sim-
ulation box). The simulation-box coordinates are co-moving with
the plasma, the physical lengths xr evolve as xr = L · x where L
is a diagonal matrix L = diag(L1, L2, L3) with L1 = L3 = 1,
and L2 = 1−t/tc, where tc is a characteristic time of the compres-
sion. Note that the compression is imposed in only one direction
[cf. Hellinger et al., 2003b] which is appropriate for the magne-
tosheath context (i.e. we suppose the direction of compression is
along the magnetopause normal direction). The model solves the
evolution of the system in the coordinates ξ and ν co-moving with
the compression. For a more detailed description of the code we
refer the reader to the Appendix.

The characteristic spatial and temporal units used in the model
are c/ωpp0 and 1/ωcp0 respectively, where c is the speed of light,
ωpp0 = (n0e

2/mpε0)
1/2 is the initial proton plasma frequency,

and ωcp0 = eB0/mp is the initial proton gyrofrequency (B0 is the
initial magnitude of the ambientmagnetict field B0, n0 is the initial
density, e and mp are the proton electric charge and mass, respec-
tively; finally, ε0 is the dielectric permitivity of vacuum). We use
the spatial resolution ∆x = 0.25 and ∆y = 1, and there are 256
particles per cell for each ion specie. Fields and moments are de-
fined on a 2-D grid with dimensions 512× 256. The time step for
the particle advance is ∆t = 0.02/ωp0, while the magnetic field
B is advanced with a smaller time step ∆tB = ∆t/10. The ini-
tial ambient magnetic field is B0 = (B0, 0, 0) and The continuous
compression in y direction leads to an increase of the density and
the magnitude of the magnetic field

n, B ∝ 1

1− t
tc

. (6)

The simulation box becomes singular at t = tc, therefore we
present the simulation results which are not affected by this sin-
gularity.

3. CGL and linear theory predictions

In the case of a slow compression one expects that the first
and the second adiabatic invariants will be conserved [Chew et al.,
1956]: HEB simulations [Hellinger et al., 2003a, b] show such an
ideal evolution as long as a wave activity in the simulations is neg-
ligible. Nonideal effects (as a heat flux and a wave activity) are
expected break the invariants in the magnetosheath and lead to a
different behavior [Belmont and Mazelle, 1992; Hau, 1996]; one
possibility is an evolution controlled by an instability [Manheimer
and Boris, 1977]. In this section we briefly outline the CGL and
linear theory for sake of comparison with the simulation results in
the next section.

The CGL prediction of particle temperature anisotropy and par-
allel beta in the expanding box reads from Equations (5) and (6)
as

T⊥
T‖

∝ 1

1− t
tc

, β‖ ∝ 1− t

tc
. (7)

The temperature anisotropy T⊥/T‖ increases with time. When the
anisotropy exceeds a certain threshold then the cyclotron and mir-
ror instabilities appear. In this paper we mainly focus our interest to
the low-beta plasma where the proton and alpha cyclotron instabili-
ties dominate. These instabilities have maximum growth rate at the
parallel propagation with respect to the ambient magnetic field. The
dispersion relation for left-handed, parallel electromagnetic waves
in a homogeneous plasma which consists of bi-Maxwellian parti-
cles with a magnetic-field-aligned velocities may be written as [e.g.
Stix, 1992]:

1− c2k2

ω2
+

X
s

ω2
ps

ω2
{As − 1 + AsζsZ(ξs)} = 0, (8)

where

ξs =
ω − kvs‖ − ωcs√

2kvth‖s

, ζs =
ω − kvs‖ − (1− 1/As)ωcs√

2kvth‖s

,

and As is the temperature anisotropy, As = Ts⊥/Ts‖. In these
expressions s denotes a specie (p stands for protons, e for elec-
trons e, and α for alpha particles), ωcs and ωps denote cyclotron
and plasma frequency of the specie s, respectively, vs‖ and vth‖s

denote the mean parallel and the thermal velocity of the specie s,
respectively.

4. Simulation results

We perform 7 simulations with few different initial parameters,
namely the characteristic compression time tc, the abundance of al-
pha particles nα/ne, alpha-particle parallel beta βα‖0, and finally
the alpha/proton velocity vαp0. Table 1 provides an overview of
the initial parameters for the simulations we study in the next four
subsections for further references.

Table 1. Initial parameters of the HEB simulations

Run βp‖0 Ap0 nα/ne vαp0 βα‖0 Aα0 tc

1 0.1 1.5 0 1000
2 0.1 1.5 0 2000
3 0.1 1.5 0 4000
4 0.1 1.5 5% 0 0.005 1.5 2000
5 0.1 1.5 10% 0 0.01 1.5 2000
6 0.1 1.5 5% 0.5 0.005 1.5 2000
7 0.1 1.5 5% 1 0.005 1.5 2000

4.1. Role of characteristic compression time

Let us start with the description of simulation results for the
plasma composed only of protons and electrons. We perform three
simulations: Runs 1, 2, and 3 with the characteristic times tc =

1000, 2000, and 4000, respectively (see Table 1). All these sim-
ulations start with the same initial plasma conditions, βp‖0 = 0.1

and Ap0 = 1.5. The plasma is initially homogeneous and stable
with respect to the proton cyclotron instability as well as to the
mirror one.

The evolution of plasma properties during the compression for
the three simulations is shown in Figure 1. Figure 1 displays the
evolution in the space (βp‖, Ap) for the Runs 1 (tc = 1000, dashed
curve), 2 (tc = 2000, solid curve), and 3 (4000, dash-dotted curve).
In order to compare simulation results with the linear theory we
have investigated the growth rate γ of the proton cyclotron insta-
bility in a homogeneous plasma which consists of isotropic elec-
trons and of anisotropic bi-Maxwellian protons using Equation (8).
We have calculated the dispersion ω = ω(k) for wave vectors
in the interval 0.01 ≤ k ≤ 2.5 for a set of proton parameters:
0.01 ≤ βp‖ ≤ 30 and 0.1 ≤ Ap − 1 ≤ 10. The electrons and
the protons have ve‖ = vp‖ = 0 and the electron beta is βe = 0.1.
For each βp‖ and Ap we have calculated the maximum growth rate
γPC in the interval 0.01 ≤ k ≤ 2.5. The result of this calcula-
tion, γPC = γPC(βp‖, Ap) is shown in Figure 1 as a gray-scale
plot: Darker gray denotes stronger instability whereas white corre-
sponds to stable or marginally stable region.
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Figure 1. Evolution during the plasma compression in the space
(βp‖, Ap) for Runs 1 (tc = 1000, dashed curve), 2 (tc = 2000,
solid curve), and 3 (tc = 4000, dash-dotted curve); see Table 1.
The gray-scale plot denotes the linear prediction of maximum
growth rate γPC = γPC(βp‖, Ap) of the proton cyclotron insta-
bility: Darker gray denotes stronger instability whereas white
corresponds to stable or marginally stable regions.

In agreement with the previous simulation results [Hellinger
et al., 2003b] the evolution of the compressed plasma in the three
simulations may be split into three phases. During the first phase,
the plasma is stable with respect to the proton cyclotron and mirror
instabilities, and it evolves double-adiabatically in agreement with
Equation (7). This adiabatic evolution translates into an upward
motion in the space (βp‖, Ap) of Figure 1. This evolution leads
to the development of an important proton temperature anisotropy.
The second phase starts when the anisotropy becomes stronger than
the threshold for the proton cyclotron instability. During this phase
the generated waves heat the plasma and the evolution departs from
the double adiabaticity. After a short transition the evolution in the
three simulations is similar and follows a constant value of the max-
imum linear growth rate γPC

γPC ∼ γmarg =

8<:
0.060 for tc = 1000
0.050 for tc = 2000
0.045 for tc = 4000.

(9)

The system remains near the marginal stability and for a stronger
compression (a smaller tc) the system goes further to the unstable
region. The parameter γmarg seems to be inversely proportional to
tc:

γmarg ∝
1

tc
. (10)

The second phase represents an example of the evolution along the
marginal stability path with respect to the proton cyclotron insta-
bility.

The third phase is clearly seen in Run 3 and less clearly in
Runs 1 and 2. Run 1 becomes influenced by the singularity
around βp‖ ∼ 1 so that the third phase is not clearly evident.
This third phase is characterized by a departure from the relation
γPC ∼ γmarg = const . The transition takes place in the region
βp‖ ∼ 1 and appears sooner for Run 3 than for Run 2. The transi-

tion exists owing to the development of the mirror instability which
becomes important in the high-beta plasma (see below).
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Figure 2. (left) The total fluctuating wave energy |δB|2/B2
0 ,

and (right) the correlation between δB‖ and np as a function of
βp‖ for Runs 1(tc = 1000, dashed curves), 2 (tc = 2000, solid
curves), and 3 (tc = 4000, dash-dotted curves).

During the second and the third phases the fluctuating wave en-
ergy increases as documented in Figure 2 [cf. Figure 2 of Hellinger
et al., 2003b]. Figure 2 shows (left) the evolution of the relative in-
tensity of magnetic field oscillations |δB|2/B2 and (right) the cor-
relation between the parallel component of magnetic field δB‖ and
the proton density np as a function of βp‖ for Runs 1 (tc = 1000,
dashed curve), 2 (tc = 2000, solid curve), and 3 (tc = 4000, dash-
dotted curve). The intensity of the magnetic fluctuations increases
with βp‖ for the three simulations. For a given βp‖ the intensity is
stronger for a faster compression (a smaller tc):

|δB|2

B2
∝ 1

tc
. (11)

Equation (11) is compatible with Equation (10) and may be inter-
preted as a reaction of the plasma to the compression: In order
to balance a faster compression (which anisotropize the protons
faster) a stronger wave amplitude is needed to guarantee a faster
scattering/isotropization [cf. Gary et al., 2000]. Equation (11) be-
comes invalid in the high-beta plasma where |δB|2/B2 is sim-
ilar for Runs 2 and 3. In the region βp‖ & 1 the correlation
< δB‖, np > gets negative which is a clear indication of the mirror
mode that becomes important in the high-beta plasma. The devel-
opment of the mirror mode disrupts the second phase and causes
the departure from the constant γPC evolution, Equation (9). This
effect was described and discussed in Hellinger et al. [2003b]. The
different behavior of the proton cyclotron instability and the mir-
ror one and their competition may be responsible for the similar
|δB|2/B2 in Runs 2 and 3. It is also possible that Run 2 is influ-
enced by the approach of the singularity. Let us now move on and
study the role of alpha particles.

4.2. Role of Alpha Particles

The presence of alpha particles changes the plasma properties.
Instead of one instability there are two of them: the proton cy-
clotron instability and the alpha cyclotron one. In order to inves-
tigate the two cyclotron instabilities and a relation between them
(and the impact of the mirror instability) we perform two simula-
tions for tc = 2000: Run 4 with nα/ne = 5% and βα‖ = 0.05
and Run 5 with nα/ne = 10% and βα‖ = 0.1. Runs 4 and 5 start
with the same initial conditions for protons as were used in the pre-
vious section 4.1 (see Table 1). Moreover for alpha particles we
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set the temperature anisotropy to Aα0 = Ap0 = 1.5. The chosen
initial states of Runs 4 and 5 are stable with respect to the proton
and alpha cyclotron, and mirror instabilities.

The evolutions of protons and alpha particles during the com-
pression for Runs 4 and 5 are shown in Figure 3: Left panel of Fig-
ure 3 displays the evolution in the space (βp‖, Ap) whereas right
panel of Figure 3 displays the evolution in the space (βα‖, Aα) for
Runs 4 (nα/ne = 5%, solid curve) and 5 (nα/ne = 10%, dashed
curve); see Table 1.

As in the previous section we have investigated the stability of
the plasma with respect to the cyclotron instabilities. We have cal-
culated the dispersion ω = ω(k) from Equation (8) in an interval
of wave vectors 0.01 ≤ k ≤ 2.5 for the proton and alpha cy-
clotron branches in a plasma with nα/ne = 5% (i.e. with the same
value as used for Run 4) for a set of proton plasma parameters:
0.01 ≤ βp‖ ≤ 30 and 1.1 ≤ Ap ≤ 11; for each of these two pa-
rameters we set the parameters of alpha particles to be Tα‖ = Tp‖
and Aα = Ap. All species are at the rest, ve‖ = vp‖ = vα‖ = 0
and the electron beta is βe = 0.1. For each βp‖ and Ap and the
corresponding parameters of alpha particles we have calculated the
maximum growth rate γAC of the alpha cyclotron instability and
of the proton cyclotron one γPC in the interval of wave vectors.
Then we have calculated the maximum growth rate of the two in-
stabilities γIC = max(γAC, γPC). The result of this calculation,
γIC = γIC(βp‖, Ap) with Tα‖ = Tp‖ and Aα = Ap is shown in
Figure 3 (left panel) as a gray-scale plot (compare with Figure 1).
In the right panel of Figure 3 the maximum growth rate γIC is
shown as the gray scale plot, translated to γIC = γIC (βα‖, Aα)
via the relations Tα‖ = Tp‖ and Aα = Ap. Figure 3 (left panel,
gray scale plot) clearly exhibits a transition where the proton cy-
clotron instability dominates, βp‖ . 0.4, and where dominates the
alpha cyclotron one, βp‖ & 0.4, for moderate growth rates. For
strong growth rates it is the proton cyclotron instability that domi-
nates (i.e. for βp‖ & 1 and Ap & 3).
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0.1

1.0

10.0

0.001 0.010 0.100 1.000

 

 

 

βp‖

T
⊥
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‖
−

1

βα‖

Figure 3. Evolution during the plasma compression (left) in the
space (βp‖, Ap) and (right) in the space (βα‖, Aα) for Runs 4
(nα/ne = 5%, solid curve), and 5 (nα/ne = 10%, dashed
curve); see Table 1. The gray-scale plot denotes the maximum
growth rate γIC.

Results of Runs 4 and 5 are qualitatively similar to the previous
results of a pure proton-electron plasma discussed in the previous
section. Figure 3 shows that initially, in the stable region the ions
follow the CGL prediction, then the system becomes unstable with
respect to the proton cyclotron instability and generated waves heat
both ion species and overcome the adiabatic forcing. The evolu-
tion may not be simply described in terms of γIC ∼ const even for
Run 4. This is, of course, owing to the fact that γIC was calculated
in a two-dimensional subspace of the four-dimensional space

(βp‖, Ap, βα‖, Aα)

setting Tα‖ = Tp‖ and Aα = Ap. These relations hold at t = 0
and during the initial adiabatic phase but when the proton cyclotron
instability sets on, the generated waves heat preferably alpha par-
ticles and the relations are no longer valid. Figure 3 nevertheless
shows that the evolutions in Runs 4 and 5 are in a qualitative agree-
ment with predictions of γIC from the linear theory. The paths
in (βp‖, Ap) and (βα‖, Aα) are not far away from the threshold
∼ γIC = 0, at least for protons, and also for alpha particles in the
low-beta region. The behavior of ions, especially of alpha particles
(Figure 3, right) is quite complex and needs a detailed examination
of the simulation results. From the previous numerical experiments
[Hellinger et al., 2003b, and the previous section] we expect that
the intensity of the magnetic fluctuation increases with βp‖ and that
in the high-beta plasma the mirror instability appear. From the pre-
diction of the linear theory we also expect an appearance of the
alpha cyclotron instability for the high-beta plasma.

Now we focus to the analysis of the evolution of the wave spec-
tra. Figure 4 displays the evolution of the wave energy as a function
of βp‖ (see Figure 3) in Runs 4 and 5: Left panel of Figure 4 shows
the total fluctuating wave energy |δB|2/B2

0 whereas right panel of
Figure 4 shows the correlation < δB‖, np > as a function of βp‖
for Runs 4 (nα/ne = 5%, solid curve), and 5 (nα/ne = 10%,
dashed curve); see Table 1.
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Figure 4. (left) The total fluctuating wave energy |δB|2/B2
0 ,

and (right panel) the correlation between δB‖ and np as a func-
tion of βp‖ for Run 4 (nα/ne = 5%, solid curve), and 5
(nα/ne = 10%, dashed curve).

Figure 4 shows that |δB|2/B2
0 increases with βp‖ as expected

and that for βp‖ & 0.3 the correlation < δB‖, np > becomes
negative. This negative value indicates a presence of the mirror
mode; the mirror waves are indeed present as we shall see be-
low. Comparison of the results of Runs 4 and 5 with the pure-
proton Run 2 (Figure 2) shows that the intensity of fluctuating
magnetic field |δB|2/B2

0 is in these three simulations at a simi-
lar level and that in Runs 4 and 5 the correlation < δB‖, np >
becomes negative sooner than in the case of the pure-proton Run 2.
The fastest appearance of the anticorrelation is observed in Run 5
(nα/ne = 10% and βα‖0 = 0.1). These results are in the agree-
ment with the linear theory which predicts that the growth rate of
the mirror mode increases when alpha particles are present. Let us
now look at the wave properties in detail. Figure 5 displays the
spatial wave spectrum |δB|2 as a function of k‖ and k⊥ in Run 4
for four different times with

(left top) βp‖ = 0.03 and βα‖ = 0.003

(right top) βp‖ = 0.1 and βα‖ = 0.04

(left bottom) βp‖ = 0.6 and βα‖ = 0.1
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(right bottom) βp‖ = 3.6 and βα‖ = 0.2.
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Figure 5. Evolution of spectrum in Run 4: The wave spectrum
|δB|2 as a function of k‖ and k⊥ for four different βp‖ and βα‖.

Figure 5 demonstrates that the proton cyclotron waves are
present initially with large wave vectors k‖ ∼ 1 around the parallel
propagation (Figure 5, left top). Soon the alpha cyclotron waves ap-
pear for smaller wave vectors k‖ ∼ 0.3 and coexist with the proton
cyclotron ones; the mirror waves already appear to be present with
nearly perpendicular wave vectors |k⊥| ∼ 0.5. (Figure 5, right
top). The proton cyclotron waves gradually disappear whereas the
alpha cyclotron waves become dominant at the parallel propaga-
tion with the strong presence of oblique mirror waves (Figure 5,
bottom).

4.3. Influence of the Alpha/Proton Velocity

In this section we study the question how the plasma behav-
ior changes when the alpha/proton velocity is not zero. First, we
note that the CGL prediction of the characteristic plasma velocity,
the Alfvén velocity vA, varies in the expanding box model. From
Equation (6) we have

vA ∝ B√
n
∝ 1q

1− t
tc

. (12)

The CGL predicts that the Alfvén velocity increases with the time
whereas the alpha/proton velocity vαp is constant.

We have performed two Runs 6 and 7 for tc = 2000 and
nα/ne = 5%, with the same initial parameters as we used in
the previous section 4.2: βp‖0 = 0.1, βα‖0 = 0.05 and Aα0 =
Ap0 = 1.5. Moreover, we set the initial alpha/proton velocity to
vαp0 = 0.5 for Run 6 and to vαp0 = 1 for Run 7; see Table 1. This
choice is stable (as in previous sections 4.1 and 4.2) with respect to
both the proton and alpha cyclotron instabilities, and with respect
to the mirror one. The system is also stable with respect to the in-
stabilities driven by the alpha/proton velocity [cf. Hellinger et al.,
2003a, and references therein].

The evolution of plasma properties during the compression for
Runs 6 and 7 is shown in Figure 6 in the same format as in Figures 1
and 3. Figure 6 displays the evolution in the space (βp‖, Ap) for
Runs 6 (vαp0 = 0.5, solid curve) and 7 (vαp0 = 1, dashed curve).
As in the previous section we have investigated the growth rate of
the ion cyclotron instabilities in a plasma with 5% of alpha parti-
cles including the alpha/proton velocity vαp = 0.5: For each βp‖
and Ap and corresponding parameters of alpha particles we have
calculated the maximum growth rate γAC of the alpha cyclotron in-
stability and the maximum growth rate γPC of the proton cyclotron
one in the interval 0.01 ≤ k ≤ 2.5. Note, that we have investi-
gated both propagations, along and against the alpha/proton veloc-
ity Vαp. From these growth rates we have calculated the maximum

growth rate γICd of the two instabilities γICd = max(γAC, γPC)
for the two propagation directions and for a set of proton param-
eters: 0.01 ≤ βp‖ ≤ 30 and 1.1 ≤ Ap ≤ 11. For these proton
parameters we set the corresponding parameters of alpha particles
to be Tα‖ = Tp‖ and Aα = Ap. Moreover we set the proton mean
velocity to vp‖ = −0.025 and the mean velocity of alpha particles
to vα‖ = 0.225 so that the alpha/proton velocity is vαp = 0.25.
The electrons have ve‖ = 0 and βe = 0.1. The result of this cal-
culation, γICd = γICd(βp‖, Ap) is shown as a gray-scale plot in
Figure 6 (see Figures 1 and 3); darker gray denotes stronger in-
stability whereas white corresponds to stable or marginally stable
regions.
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−
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Figure 6. Evolution during the plasma compression for (left
panel) protons in the space (βp‖, Ap) and for (right panel) al-
pha particles in the space (βα‖, Aα) for Runs 6 (vαp0 = 0.5,
solid curve) and 7 (vαp0 = 1, dashed curve); see Table 1. The
gray-scale plot denotes the maximum growth rate γICd.

The results of Runs 6 and 7 are qualitatively similar to the pre-
vious results of the pure proton-electron plasma (Run 2) and the
plasma with the small abundance of alpha particles but without the
alpha/proton velocity (Runs 4 and 5). Figure 6 shows that initially,
in the stable region the ions follow the CGL prediction, then the
system becomes unstable with respect to the proton cyclotron in-
stability and generated waves heat both ion species and overcome
the adiabatic forcing. The evolution may not be simply described
in terms of γICd ∼ const even for Run 6 for the same reason as
in the previous section: γIC was calculated in a two-dimensional
subspace of the five-dimensional space

(βp‖, Ap, βα‖, Aα, vαp)

setting Tα‖ = Tp‖, Aα = Ap and vαp = 0.5. These relations hold
only at t = 0; vαp/vA decreases even during the initial adiabatic
phase. Generated waves heat and accelerate alpha particles and the
adiabatic behavior is strongly broken when the proton cyclotron in-
stability sets on. As in the previous section the linear prediction
is relatively robust. Figure 6 shows that the evolutions in Runs 6
and 7 are close to each other and are in a qualitative agreement with
the predictions of γICd. The paths in (βp‖, Ap) and (βα‖, Aα) are
not far away from the threshold ∼ γICd = 0. The behavior of
protons and alpha particles (Figure 6) is much less complex than in
the previous section, especially for alpha particles (Figure 3, right).
The proton evolution (Figures 6, left) is similar to the pure proton-
electron plasma of Run 2 (Figures 1). The streaming alpha particles
do not change the plasma behavior so drastically as the alpha par-
ticles with no relative velocity with respect to the protons.

Let us now examine the simulation results in detail and com-
pare them with the results of the previous section. Figure 7 dis-
plays the evolution of the wave spectrum (see Figure 6) in Runs 6
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(vαp0 = 0.5, solid curve) and 9 (vαp0 = 1, dashed curve):
Left panel of Figure 7 shows the total fluctuating wave energy
|δB|2/B2

0 whereas right panel of Figure 4 shows the correlation
between δB‖ and np as a function of βp‖.
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Figure 7. (left panel) The total fluctuating wave energy
|δB|2/B2

0 , and (right panel) the correlation < δB‖, np > as
a function of βp‖ for Run 6 (vαp0 = 0.5, solid curve) and 7
(vαp0 = 1, dashed curve).

Figure 8 shows the evolution of wave spectrum in Run 6: The
spatial wave spectrum |δB|2 as a function of k‖ and k⊥ for four
different times of the simulations with:

(left top) βp‖ = 0.03 and βα‖ = 0.003,
(right top) βp‖ = 0.1 and βα‖ = 0.02,
(left bottom) βp‖ = 0.7 and βα‖ = 0.09, and
(right bottom) βp‖ = 4 and βα‖ = 0.2.
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Figure 8. Evolution of spectrum in Run 6: Spatial wave spec-
trum |δB|2 as a function of k‖ and k⊥ for four different βp‖
and βα‖.

Figure 8 shows that initially the proton cyclotron waves are
present with large wave vectors k‖ ∼ 0.8 around the parallel prop-
agation (Figure 8, left top). Soon the alpha cyclotron waves appear
for smaller wave vectors k‖ ∼ 0.3 and coexist with the proton
cyclotron ones. The proton cyclotron waves gradually disappear
whereas the alpha cyclotron waves become dominant at the paral-
lel propagation (Figure 8, left bottom). Later on, in the high-beta
plasma, a mirror mode appears with oblique wave vectors (Fig-

ure 8, right bottom). The simulation result of Run 6 are similar to
the results of Run 4 without the alpha/proton velocity. One notable
aspect of Run 6 is that the mirror waves appear in higher beta re-
gion in Run 6 comparing with Run 4. The alpha/proton velocity
lower the growth rate of the mirror instability since the parallel ion
velocities contribute to the effective parallel temperature, lowering
the effective temperature anisotropy for the nonresonant mirror in-
stability.

The comparison of Figures 3 for Run 4 and Figure 6 suggests
that the important heating of alpha particles in Run 4 is due to
the mirror waves. The non-propagating mirror waves may inter-
act with slowly or not propagating alpha particles of Run 4 in an
efficient way. On the other hand, the alpha particles streaming with
non negligible velocity with respect to the mirror waves should be
slowed down; this is one of the possible mechanisms for the alpha
deceleration in the high-beta simulations of Gary et al. [2003].

Let us examine the alpha/proton velocity evolution Runs 6 and 7.
Figure 9 shows the evolution of the ratio between the alpha/proton
velocity and the Alfvén velocity vαp/vA as a function of βp‖ for
Runs 6 (vαp0 = 0.5, solid curve) and 7 (vαp0 = 1, dashed curve).
The CGL prediction (Equation (12)) of the ratio vαp/vA is denoted
by two dotted curves, one for each simulation.
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Figure 9. Evolution in Runs 6 (vαp0 = 0.5, solid curve) and 7
(vαp0 = 1, dashed curve) of the ratio vαp/vA as a function of
βp‖. The dotted curves shows the CGL predictions.

Figure 9 shows that initially, in the stable region the ions follow
the CGL predictions (compare with Figure 6). Then the system be-
comes unstable with respect to the proton cyclotron instability and
generated waves accelerate alpha particles with respect to protons.
The acceleration is stopped when the alpha cyclotron waves appear
and the alpha particles are slowed down. The role of the mirror
waves which appear in the high-beta plasma is difficult to discern.
In order to do this, we have performed a classical 2-D hybrid sim-
ulation with the initial parameters similar to those used by Gary
et al. [2003]. In the simulation the proton cyclotron waves try to
accelerate the alpha particles whereas the mirror waves decelerate
them as we expected.

5. Discussion

In this paper we have extended the work of Hellinger et al.
[2003b] on the effects of a slow compression on the plasma prop-
erties. We have shown that under condition of a slow compression
the plasma system follows the marginal stability path of the proton
cyclotron instability in low-beta region. This path depends on the
characteristic compression time: In a proton-electron plasma this
path may be given as

γ(βp‖, Ap) ∼ γmarg = const., (13)
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where γ(βp‖, Ap) is the maximum growth rate of the proton
cyclotron instability in a pure electron-proton plasma with bi-
Maxwellian protons characterized by βp‖ and Ap. The γmarg is
inversely proportional to the characteristic compression time

γmarg ∝
1

tc
. (14)

For a stronger compression (smaller tc) the marginal stability path
is characterized by a stronger instability γmarg and a stronger ion
cyclotron turbulence (see Figure 2). The constant growth-rate be-
havior of Equation (13) is disrupted in high beta plasma owing to
the appearance of mirror waves [cf. Hellinger et al., 2003b].

It is interesting to discuss the anticorrelation of Equation (14)
with results of Pudovkin et al. [2002a]. Pudovkin et al. [2002a] an-
alyzed variations of the proton temperature anisotropy Ap and the
plasma wave turbulence characteristics across the magnetosheath
and compared these observations with predictions of the bounded
anisotropy model based on the marginal stability condition. Pu-
dovkin et al. [2002a] showed that the deviation of the observed
values of Ap from the bounded anisotropy model (the marginal
stability) may be explained by a finite value of the temperature
isotropization time τ . The estimated values of τ have a tendency
to be anticorrelated with the intensity of the magnetic field oscilla-
tions. In our simulations the compression is balanced by the waves
so that characteristic time tc is related to the isotropization time
τ . If we assume that τ ∝ tc we recover the anticorrelation ob-
served by Pudovkin et al. [2002a] between τ and the amplitude of
the magnetic field oscillations. In the high-beta region where the
mirror mode appears this behavior becomes more complicated; for
the slowest compression time tc = 4000 the mirror mode grows
faster than in the case of tc = 2000, probably because has more
time to develop. This phenomenon and the properties of the mirror
mode are in general important problem [cf. Hill et al., 1995; Pu-
dovkin et al., 2002a], however further studies in this direction are
beyond the scope of this paper.

The presence of alpha particles changes properties of the plasma
during the compression, as it is expected from the prediction of
the linear theory [Gary et al., 1993b; Gratton and Farrugia, 1996;
Gnavi et al., 2000]. Two ion cyclotron instabilities, the proton and
alpha ones, and the mirror instability may become unstable for pro-
ton and/or alpha particles temperature anisotropy T⊥ > T‖. The
proton cyclotron instability is dominant in low-beta, low-alpha-
particle abundance whereas the alpha cyclotron instability is im-
portant in a high-beta, high alpha-particle temperature anisotropy
and abundance. The mirror mode also becomes more important
with the presence of alpha particles. The HEB simulations con-
firm these theoretical predictions. The slowly compressed plasma
with protons and alpha particles follows the marginal stability path;
initially in low-beta plasma this path is determined by the pro-
ton cyclotron instability, in higher-beta plasma the alpha cyclotron
waves appear and continually replace the proton cyclotron waves
and finally in even higher beta plasma the mirror waves appear
and coexist with the alpha cyclotron waves. The marginal stabil-
ity path is more complicated than that in the pure electron-proton
plasma but the difference is not big. The simulation results are
close to the marginal stability predictions based on the linear pre-
diction γ(βp‖, Ap), calculated for the anisotropic, pure electron-
proton plasma.

A nonzero alpha/proton relative velocity makes the theoretical
understanding of the linear properties of the plasma even more
complicated [Gary et al., 2003]. The alpha/proton velocity is an-
other free parameter that changes the plasma properties and influ-
ences instabilities controlling the ion thermodynamics of magne-
tosheath compression. The HEB simulations show the streaming
alpha particles do not change so drastically the plasma behavior
as the alpha particles with no relative velocity with respect to the
protons. The qualitative behavior of the compressed system with
the nonzero alpha/proton velocity is similar to the behavior of the
system without the alpha/proton velocity. The slowly compressed

plasma follows the marginal stability path; initially in low-beta
plasma this path is determined by the proton cyclotron instability,
in higher-beta plasma the alpha cyclotron waves appear and contin-
ually replace the proton cyclotron waves and finally in even higher
beta plasma the mirror waves appear and coexist with the alpha cy-
clotron waves. The nonzero alpha/proton velocity lower the growth
rate of the mirror instability since the parallel ion velocities con-
tribute to the effective parallel temperature, lowering the effective
temperature anisotropy for the nonresonant mirror instability. The
compressed system of the nonzero alpha/proton velocity case re-
veal a new feature. During the first, the proton cyclotron phase, the
alpha particles are efficiently accelerated with respect to protons in
agreement with the hypothesis of heating and acceleration of the
solar wind by cyclotron waves [cf. Gomberoff et al., 1996]. The
result is also in agreement with quasi-linear expectations and the
quasi-linear phase of the simulations by Gary et al. [2003]. When
the alpha cyclotron waves appear they decelerate the alpha particles
[in agreement with results of Gary et al., 2003]. The appearance of
the mirror waves also leads to the deceleration of alpha particles.
The mirror mode which becomes important in the high beta plasma
is probably responsible for the strong deceleration of the alpha par-
ticles in the simulations by Gary et al. [2003]; the role of ion cy-
clotron and mirror instabilities in the solar wind context should be
revisited.

6. Conclustion

We have investigated the effect of the slow compression on the
plasma and the role of characteristic compression time, alpha par-
ticles and alpha/proton speed. Presented results are relevant for the
magnetosheath regions dominated by compression [cf. Lucek et al.,
1999]. During the compression waves are continuously generated
and keep the system near the marginal stability. The marginal sta-
bility evolution is close to the linear predictions based on the pure
electron-proton plasma dispersion relation [cf. Fuselier et al., 1994;
Gary et al., 1994c] even in the system with alpha particles; this pre-
diction is quite robust in agreement with observations. However,
the presence of alpha particles bring some nonnegligible variations.
The nonzero alpha/proton velocity, a possible remnant from the fast
solar wind and/or a consequence of the different deceleration of al-
pha particles and protons in the shock [Peterson et al., 1979; Zhao
et al., 1991], also appear to change the plasma properties, bringing
them back closer to the pure electron-proton plasma. It is notewor-
thy that the proton cyclotron waves are able to efficiently accelerate
the alpha particles with respect to the protons (Runs 6 and 7).

The compression is only one of the macroscopic processes in the
magnetosheath. The magnetosheath plasma flow around the mag-
netospheric cavity leads also to the expansion (especially to the
field-line stretching) and to the velocity shears. All these processes
(along with the compression) are usually at work simultaneously
and influence the microscopic plasma properties. These phenom-
ena and their combinations will be subject of future works.

Appendix: Expanding Box Model

Let us derive the Vlasov equation for the expanding box model:
In a given Cartesian frame x the Vlasov equation has the usual
form

∂f

∂t
+ v · ∂f

∂x
+

q

m
(E + v ×B) · ∂f

∂v
= 0. (A1)

We suppose an external force make the mean plasma flow to
evolve as x(t) = L(t) · x(0) where L is a diagonal ma-
trix L(t) = diag(Lx, Ly, Lz) with L(0) = 1, dL/dt =
diag(dLx/dt, dLy/dt, dLz/dt), and d2L/dt2 = 0. 1 denotes the
unity matrix. The mean velocity U may be given as

U(x(t)) =
dx

dt
= V · x(t)

where V = L−1 ·dL/dt, L−1 being the inverse matrix of L. If we
now change the frame t̃ = t, x̃ = x, and ṽ = v−U (non-Galilean
transformation) we have

∂f

∂t̃
+(ṽ+U)· ∂f

∂x̃
−ṽ· ∂U

∂x̃
· ∂f

∂ṽ
+

q

m
(Ẽ+ṽ×B)· ∂f

∂ṽ
= 0 (A2)
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where Ẽ = E + U × B. If we now change to the co-moving
coordinates ξ = L−1 · x̃, t = t̃, and ν = dξ/dt we have

∂f

∂t
+ν · ∂f

∂ξ
+

q

m
(Ẽ+(L·ν)×B)·L−1 · ∂f

∂ν
= 2ν ·V· ∂f

∂ν
. (A3)

Equation (A3) in the co-moving coordinates has a structure simi-
lar to the Vlasov equation (A1). Similarly we may calculate the
modification of the equation

∂B

∂t
= − ∂

∂x
×E (A4)

in the co-moving coordinates. It turns to have the following form:

∂B

∂t
= {V − tr(V)1} ·B −

„
L−1 · ∂

∂ξ

«
× Ẽ (A5)

where tr denotes trace of a matrix. If we denote l the determinant
of L, l = detL and if we define modified magnetic and electric
fields as

B = lL−1 ·B, E = L · Ẽ (A6)
then Equation (A5) obtains the following form:

∂B
∂t

= − ∂

∂ξ
× E (A7)

and the Vlasov equation (A3) then reads

∂f

∂t
+ν · ∂f

∂ξ
+

q

m
(E + ν ×B) ·L−2 · ∂f

∂ν
= 2ν ·V · ∂f

∂ν
. (A8)

From the generalized Ohm’s law [Matthews, 1994]

Ẽ = −Jp ×B

en
− gradpe

en
+

(rotB)×B

eµ0n
(A9)

we have an equation for E in the following form

E = −J ×B
eN − l

eN
∂pe

∂ξ
+

„
∂

∂ξ
×B

«
× L2B

eµ0lN
(A10)

where N = 1/e
P

q
R

f(ξ, ν)d3ν and J =
P

q
R

νf(ξ, ν)d3ν
(summing goes over all the ion species) are related to the physical
density n and the ion current J as n = N/l and J/l, respec-
tively. To close the system we suppose that electrons are isother-
mal, pe = nkBTe, where kB is Boltzmann constant and Te is
constant.
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